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A Hybrid Numerical Method to Compute Erythrocyte
TMP In Low-Frequency Electric Fields

Changjun Liu*, Dongwoo Sheen, and Kama Huang

Abstract—This paper presents a coupling method of the finite
element method and the boundary element method to compute
the transmembrane potential (TMP) of an erythrocyte in a
low-frequency electric field. We compute anin vitro erythrocyte’s
TMP induced by external electric fields by this hybrid method.
It takes advantage of the homogeneous characteristics from Extracellular region o,
both intracellular region and extracellular region. Moreover, we
may use a fine three-dimensional (3-D) mesh around the thin
membrane and avoid 3-D meshes in other regions. Numerical
results of a spherical cell show that the hybrid method is accurate.
The computed threshold of the applied electric field for membrane : ]
electric breakdown agrees well with those experimental results. Intracellular region o;
Numerical results can also guide us to locate the maximum —
induced TMP on the erythrocyte membrane in various electric
fields. Some further applications of the hybrid method are also
discussed.

Index Terms—Boundary element method (BEM), erythrocyte, Erythrocyte membrane o,
finite element method (FEM), membrane, transmembrane poten-
tial (TMP).

|I. INTRODUCTION

HE transmembrane potential (TMP) of a cell varies while

it is in applied electric fields. The TMP induced by eX_Fig. 1. Configuration of domains and boundaries. Norm directions of each
; boundary are defined as outward norm directions in all domains.

ternal electric fields has been studied in electroporation, electro-

fusion, and electromagnetic bioeffects [1]-[3]. There are several L . .
meshes are only on the boundaries, i.e., a two-dimensional sur-

methods to calculate the TMP variation. One approach is to e boundary for a closed 3-D region. Thus, itis easier to obtain

_the analytic method, Whlgh u§ually assumes that a _ce_II s shay &shes for the BEM than for the FEM. An FEM—BEM coupling
is regular, such as an ellipsoid or a sphere. Thus, it is an estI-

mation of the induced TMP on real cells. Another method is Irgethod has been introduced and studied in [11] and [12]. The

use the finite element method (FEM) with a better cell modgt)upllng methpd has been applied to dealing with unbounded
) électromagnetic problems to take advantages of both the FEM
to achieve more accurate results [4]-[6]. The FEM has begﬂd the BEM

yv|dely applied to solving 'V'?‘XWG” equations [7], [8], since it . The induced TMP of cells in applied electric fields attracted
is stable and good at modeling complex structures. However,_it

needs special efforts to build a nonuniform mesh for a cell wi@fveral researchers’ efforts [5], [6]. In this paper, we compute

. . . e induced TMP of a human erythrocyte. Since both intracel-
a very thin membrane. Because the ratio between cell d|ame] ar . .

: . L Jular and extracellular regions are homogeneous, the BEMis ap-
and membrang thlckqess is above 1000, itis not easy to aCh'S}fgd. The FEM is applied to the inhomogeneous region around
a gl%oedbtgﬁzglmeﬁgrsr’]'g:?:n(gfgdr?gém) is suitable for homo the membrane. Then, the FEM and BEM are coupled together
neous media a)r/1d can model regions with rapidlv chandin vga?r?-ﬁnd electric fields distribution around it. In Section Il, theory

' g pidly 9INGVally the erythrocyte model are presented. The hybrid numerical

ables with better accuracy than the FEM [9], [10]. Meanwml?hethod is shown in Section Ill. In Section IV, the hybrid method
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conformably extended 3; andl's. Designate regions between AZ

I'y andT'y, betweenl’; andI',, and insidel’; by g, ¢, and ¥ t=7nm

Qs, respectively. We denote the conductivities of intracellule = 1

region, membrane, and extracellular region &y o,,, and T .
oe, respectively. In this paper, we make two assumptions: h=2.2m b=1um >

erythrocytes are far from each other and 2) both intracellul
and extracellular regions are homogeneous.

A. Theory

An electric field E(wt) applied to the solution can induce a
currentJ(wt). If the frequencyw is significantly low compared
to the relaxational frequency of the erythrocyte, we may neglédg. 2. Cross section of a human erythrocyte. The short axis denotes the
the displacement current and trdas a quasi-static field and direction of an erythrocyte, i.ez. (Membrane thickness is magnified.).

J as a steady current.

Thus, wherl' is imposed with a Dirichlet boundary condi-

tion, we may write the problem as

d=8um

{ ~V-(6Vg)=0, inQ )

¢=f, only

whereos and¢ are the conductivity and potential, respectively.

Since it is homogeneous 0, and s, (1) is facilitated to
the Laplace equation in these regions. Notice that the poten
¢ and the normal currenf,, = o(d¢/0n) are continuous on
T'; andT,. If conductivities are constant aroufig andI's, the
normal derivative of potentidl¢ /On is also continuous. We can
rewrite (1) as

_v2¢) =0, in Qo, 0y
V. (0V¢) =0, inQ

¢~ =¢T, onI'y,Ty (2
¢=f, only

whereg andqu+ are potentials of the inner and outer surfaces
of boundanyI';, respectively. Therefore, the BEM is applied tg'9- 3 Mesh on an erythrocyte surface.
Qo andQ, while the FEM is applied t@2; so as to solve (2),

which is equivalent to (1). C. Mesh Generation

A mapping technique is used to transform a regular trian-
o ] ] gular mesh on a plane to the surfdég The mesh quality is
A so-called degree-4 equation in Cartesian coordinatesjigsroved by moving each node to the center of its neighbors.
used to describe the surface of a human biconcave erythrocxtghesh ofI',, which is conforming to the erythrocyte surface
[7] defined by (3), is shown in Fig. 3. This curved surface mesh
is applied to the 3-D BEM later. Denote this mesh as layer 1,
(z® +y* + 22)2 +P(22+y*) +Qz*+R=0 (3) which represents the bounddPy. Move all Nz, nodes of layer
1 by distancel,,, along its outward norm direction to achieve a
whereP = —153x 10 ' m, Q = 4.20x 10 ' m, and conforming layer, layer 2. Then, layer by layer, we can bkt
R = —1.06 x 10 2*> m2. To represent an erythrocyte surfaceayers, where thd/t" layer presents boundaiy;. Denote by
(3) is much accurate than the Cassini equation, which contaiNsgy; (= M x Np) the number of nodes insidg , and number
two adjustable parameters. Fig. 2 shows a cross section of them from 1 toNrgy;. By connecting the nodes of thi# layer
surface defined by (3), where the membrane thickness is 7 nwith the corresponding nodes of thiet+ 1)** layer, we obtain a
We takeo; = 0.8 Ym ando,, = 5x 107° S/m for the 3-D prismatic mesh, which is applied to the 3-D FEM. For the
conductivities of the intracellular region and of the erythrocytepherical boundary,, we use a similar mapping technique to
membrane [13], [14]. The conductivity of the extracellular regenerate a triangular mesh witiz nodes on it, and number
gion o, varies in different kinds oifin vivo experiments. Hence, them fromNggy + 1 t0 Nrgym + Ng. Thus, triangular meshes
we change the extracellular conductivity in this paper to findre on surfacel,, I';, andl's, and the prismatic mesh dfggy;
how it influences the induced TMP. nodes is in the regiofe;.

B. Erythrocyte
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lll. M ETHODS
Linear elements are used for both the FEM(In and the

BEM in Qy andQ2,. Then we perform a FEM—BEM coupling on
I'; andI's to solve (2). Hereafter, we present a scheme for the
FEM and BEM used here and describe the FEM—-BEM coupling

method.

A. The FEM

Consider the problem restricted o, with the Neumann

boundary conditions of; andI'y

—V-(0V$) =0, inty
058 =g, onli | 4)
~092 =gy, onl

We denote the electric potential at tith node by®; at all

IEEE TRANSACTIONS ON NANOBIOSCIENCE, VOL. 2, NO. 2, JUNE 2003

Since{®?} is known as the Dirichlet boundary conditigi
imposed o'y, we rewrite (8a) as

o°
Gl {5 } = i1 10} + (1) ©
n
where[G]] and[H;] are N, x N two matrices of the corre-
sponding upper left part d&7;] and[H;], and{b} isanN x 1
vector from the product of a partial matrix pf/;] and{®?}.

C. The FEM-BEM Coupling

Due to the coupling condition in (2f,®*}, [®“] and their
normal divergence oh; orI'; are equivalent between the FEM
and BEM. Thus, we can couple these systems of equations to-
gether. By multiplying the inverse matrices|6f;] and[G]] to
both sides of (9) and (8b), respectively, we obtain

nodes. Then, a standard FEM yields the following system of

linear equations:

[A] {®} = {b} (%)

where[A] is an Nypgy X Npgy Sparse matrix, and®} and
{b} are twoNrg\ X 1 vectors. We separate all nodesininto
three groups, and rewrite (5) in the corresponding form

Aaa Aab Aac (ba [TQ] a(‘)q:: }
Apa App Ape b = 0 (6)
Aca Acb Acc oc - [Tl] ()Bq:: }

where{®®} and{®°} are two N x 1 vectors approximating

the potentials at nodes @i andl';, {®°} isanM x Np —2Ny,
vector approximating the potentials at nodes betvigeandI's,
and{T;} and{T»} are twoN, x Ny, sparse matrices.

B. The BEM

SRS (102)

{%ic} = —[GY] 7' [H;]{®°} - [G}] ™" {b}. (10b)

Apply (10) to (6), and move the corresponding parts from the
right-hand side (RHS) to the left-hand side (LHS). Then, we
obtain the final system of equations as (11)

Agq — [To][G2] 7" [Ha] A A,
Apa Ay Ape .
Aca Ag Ace — [T1][GY]7 [H{]

3 0
@° [T1] (G4 {b)

We, therefore, end up with the coupling between the FEM

In 2 ands2,, we propose to solve the Laplace equations wifi'd BEM. After the system of equations are achieved, only
Dirichlet boundary conditions. These two problems from (2) ard} On the RHS of (11) varies when the boundary condition

—V2$ =0, inQ
¢=1f, only (7a)
¢=fi, onIy
and
—V2$ =0, inQ
{ 4= fo. onl (70)

wheref, f1, andf, are the potentials aty, I';, andI',, respec-
tively. From the regular direct BEM, iR, and(2., we obtain
the system of linear equations

Gil{ }; b=tm{ g} 8a)
Gal{ o | =1t (2) (&)

on I’y varies. It makes the coupling method efficient without

computing the LHS of (11) again. The LHS of (11) is a sparse

matrix containing two full square submatrices in the upper left

and lower right parts. The preconditioned conjugate gradient

method (PCGM) is used to solve the linear system of equations.
After solving (11) to get the potentials i, and achieving

the normal derivative of potential dry, 'y, andl’"; by (10), we

can perform the boundary integration to get the potentialjin

and{2, using Green’s theorem

0% (r')
on

- [Bie)ew)isw). @2)

@ (r) = /r Ks (r,1") dS (r")

When the poinp(r) is far from eithe’; or 'y, the seven-point
Gaussian quadrature integration over each triangular element is
performed. Whem(r) is close td; or Iz, the Duffy transform

where{®}, {®°}, and{®?} represent potentials at the nodeand a high-order Gaussian quadrature integration are performed

onTs, I'y, andly, respectively]G1] and[H;] are two(Ny, +
Np) x (N, + Np) full matrices, andG,] and[H>] are two
(N) x (Np) full matrices.

to deal with the near singular integration. Meanwhile, wh@t)
is very near to eithelr, orI's, an extrapolation of the potentials
in 4 is used directly. Thus, all potentials §{hare achieved.
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90 Computation [ ] N —m—A
) X r=6um s SRR X T 1 P -
} " ——A
80+ | ¥ r=4um o - 40 " A A
O r=2um ) g P } - A
S 70| | Theory y,,x’ L R — - A A :
2 X . P m—c_=1.8 sm1
~ 604 o 1 A = ) 1
% | X/ I | P L A 5=0.15m 1
504 K - 5 | ~® 02001 Sm
5 S X £ ] P
£ 40 Vol = 3 ] « ]
= i yavd | s e
2 e : ] o«
j ’/>< e o P e e I = = S5 = S W I 10:./_..,_,, 1
s g
20 - - . . . : .
- I 0 w4 2
£[o ] S e e — T — Erythrocyte to electric field angle (Radient)
0.01 0.1 1
Extracellular Conductivity c_(Sm™") Fig.5. The maximum induced TMP of an erythrocyte in the electric field with
e

intensity of 100 Vcm~*, when the extracellular conductivity, is 1.8 Sm—1!,

. ) . . 0.1S-m~',and 0.01 S m—!, respectively. Herex shows the angle between
Fig. 4. Maximum TMP (both computed and theoretic) of a spherical “cell” of,o erythrocyte and the electric field.

radius 2um, 4m, and 6um with different extracellular conductivity. when
the applied electric field is 100 Vem—1.

case. Moreover, the higher the extracellular conductivity is, the
larger the maximum induced TMP is.
Fig. 6 shows equipotential lines around the erythrocyte when
A. Verification the electric field’s direction varies. Fig. 7 shows the induced
In order to verify the FEM—BEM coupling method, we comTMP on the linez = 0 of the erythrocyte surface. From these
pute the TMP on a spherical “cell” induced by a uniform fieldfigures, it is interesting to notice where the maximum induced
where an analytical solution is known [5]. We take the menf-MP is located. When the erythrocyte is parallel to the electric
brane thickness to be 7 nm, and cell radii are 2, 4, apané field (angled is zero), the maximum induced TMP is located
respectively, the radius af, being fixed at 4Qum (far enough at the center of the biconcave instead of at the convex region.
from the cell). The intracellular conductivityés = 0.5 Sm~!; Furthermore, in this case a large area on the erythrocyte sur-
the membrane conductivity is,, = 5 x 10°°S. m~!: and the face is at a high induced TMP (i.e., the area with TMP above
extracellular conductivity is taken from. = 0.01 S. m-1to 25 mV). When the erythrocyte direction is vertical to electric
g, =3S-m. field, maximum TMP reaches the highest value (about 45 mV).
The mesh is achieved through the mapping technique as mewever, the area with high induced TMP is smaller compared
tioned in Section II. There are 792 nodes and 1580 trianguf@rthe others.
elements on each layer betwdénandT's, and 980 nodes and
1956 triangular elements aiy. Numerical results are shown in V. DISCUSSION

i ) . e _
Fig. 4, where the intensity of the applied field is 100 &n~". For the spherical “cell” model, the FEM—BEM coupling

Roelauve errors of the computed maximum TMP are less th@fbiog gives an accurate numerical result. Potential errors
1/o._ These numerical results show that the coupling methgd ) 4es are less than 0.5 mV, which may guarantee that the
achieves an accurate result. error of the maximum induced TMP is less than 1%. The high
accuracy seems beneficial due to the characteristics of the
BEM, since the errors of potentials and potential divergence
We use the geometric characteristics and conductivities dee at the same order in the numerical results from the BEM.
fined in Section Il to describe an erythrocyte, i.e., the membraneThe membrane electric breakdown occurs when the TMP is
thickness is 7 nm, the intracellular conductivityas = 0.8 above 500 mV. Thus, the electric field intensity threshold based
S . m!, and the membrane conductivity is,, = on our computation is estimated. Whep = 1.8 S- m~1, it
5 x 107° S . m~'. Different extracellular conductivities can be found that the threshold is about 1100cvh—", which
o. are chosen to compare its effects on the induced TMP. Thgrees with the experiments on erythrocyte electroporation.
radius of spherical surfacE,, which contains 980 nodes, is We compare the maximum induced TMP of an erythrocyte
40 um, and each layer betwe&h andI'; contains 792 nodes. with a long axis of 4um and a spherical “cell” with radius of
When the electric field intensity is 100-¢¥m~!, we compute 4 um, when an extracellular conductivity, is 1.8 S-m~! and
the induced TMP of the erythrocyte by the coupling methothe electric field is 100 Vecm™!. The maximum induced TMP
Fig. 5 shows the maximum induced TMP in different caseen the erythrocyte is 46 mV, which is about 20% less than the
while the electric field direction varies. When the erythrocytmaximum induced TMP of the spherical cell — 57 mV. There-
is vertical to the electric field (the anglesg2 in Fig. 5, and the fore, the spherical “cell” model seems to be an efficient way to
direction of an erythrocyte is defined in Fig. 2), the maximurastimate the maximum induced TMP.
induced TMP is higher than the others. The maximum inducedWhen the erythrocyte is parallel to the electric field, the max-
TMP in the vertical case is about 30% higher than the paraliehum TMP appears at the center of the erythrocyte, and a large

IV. RESULTS

B. Maximum Induced TMP of an Erythrocyte
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.

(d)

Fig. 6. Equipotentials around an erythrocyte (a cross section of YOZ) when the direction of applied electiiddieltanged from-z to —y (angled between
erythrocyte and the electric field is zero/6, 7 /3, andw /2 respectively)| E| = 100 V- cm~*', ando. = 1.8 S- m~'. The potential difference between each

two adjacent equipotentials is 5 mV.

TMP (mV)

Position (um)

Fig. 7. TMP on the erythrocyte surface € 0 andz > 0), when an applied
electric field E varies from—z to —y. 0. = 1.8 S- m~!, and|E| = 100
V.cm™t.

The FEM—-BEM coupling method owns some advantages on
computing the induced TMP of biological cells. Since the mem-
brane is a thin shell at nanometer scale, one surface mesh, which
is extended to a 3-D mesh, is used to describe the membrane, as
discussed in Section Il. Moreover, iy and(s, only surface
meshes are required, since the BEM is applied. Thus, it is con-
venient to adopt the mesh generation. Moreover, once the mesh
is generated and the inverse matrices revolved in the BEM are
achieved, only the final system equations, as (11), are required
to solve when the Dirichlet boundary condition is changed, i.e.,
to compute different electric fields.

The FEM—-BEM coupling method is applicable to other bio-
logical cells smoothly, or to some microstructures at nanometer
scale in a large space. Since the membrane is inside the FEM
computational domain, it is convenient to change its conduc-
tivity or add another microstructure, such as a pore. Then, the
potential distribution with the presentation of a pore may also
be achieved.

area of the erythrocyte is exposed in a high TMP range. It mayln this paper, we assume the erythrocytes are far away from
be a reason that pores are often generated at the center of eagh other. In fact, we may put two or more erythrocytes near

throcytes in some bioelectromagnetic experiments.

each other. Then, we use the FEM—BEM coupling method to
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study the interaction between them, such as forces betwegts] F. Bordi, C. Cametti, and T. Gili, “Dielectric spectroscopy of ery-
them, maximum TMP variations due to other near erythrocytes, ~ throcyte cell suspensions. A comparison between Looyenga and

Maxwell-Wagner—Hanai effective medium theory formulation,”

and so on. _ . . .  Non-Cryst. Solidsvol. 305, pp. 278-284, 2002.
When an electromagnetic pulse is applied, a time domaim4] P.W.Kucheland E. D. Fackerell, “Parametric-equation representation of

problem should be solved. We may extend this coupling methoﬂS] biconcave erythrocytesBull. Math. Biol, vol. 61, pp. 209-220, 1999.

to deal with the finite volume time domain method [15] and the

C. D. Munz, R. Schneider, and U. Vob, “A finite-volume method for the
Maxwell equations in the time domainS1AM J. Sci. Computvol. 22,

BEM in time domain to study the induced TMP. Further study pp. 449-475, 2000.
on the time domain problem is required.
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